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Abstract 

We present a full superconformal tensor calculus in five spacetime dimensions in 
which the Weyl multiplet has 32 Bose plus 32 Fermi degrees of freedom. It is derived 
using dimensional reduction from the 6D superconformal tensor calculus. We present 
two types of 32+32 Weyl multiplets, a vector multiplet, linear multiplet, hypermultiplet 
and nonlinear multiplet. Their superconformal transformation laws and the embedding 
and invariant action formulas are given. 
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§1. Introduction 

Five-dimensional supergravity, which was once extensively studied, & has recently re- 
ceived much attention again. IK !)'&>!) This renewed interest is due partly to the study of the 
AdS/CFT correspondence conjecture. This conjecture suggests that gauged supergravity in 
a background geometry AdS 5 x H (H = S 5 in the original example of Ref. |6|)) is related 
to superconformal field theory in a four-dimensional Minkowski space on the boundary of 
AdS 5 . 

Another line of investigation that has motivated study of five- dimensional supergravity is 
the search for supersymmetric brane-worlds scenarios. In particular, from both phenomeno- 
logical and theoretical viewpoints, it is interesting to supersymmetrize Randall- Sundrum 
scenarios, i- 1 '!^ The simplest candidate for the supersymmetric Randall-Sundrum two branes 
model, namely RS1,& is five- dimensional supergravity compactified on the S 1 /Z 2 orbifold. 
In the five- dimensional bulk, there exists a minimal or nonminimal supergravity multiplet 0* 
that contains a graviton, gravitino and graviphoton. This multiplet is trapped on the branes, 
reduces to the four- dimensional minimal multiplet, and couples to the four- dimensional mat- 
ter multiplets, e.g., the chiral and vector multiplets. Further, we can couple this multiplet to 
various matter multiplets in the bulk, for example the vector, hyper and tensor multiplets. 
In order to work with these models, off-shell formalisms!)' 0>>0)>S) rather than on-shell for- 
malisms facilitate the analysis, because with these, we need not change the transformation 
laws of the supersymmetry, whichever couplings are considered. Still, it is laborious to study 
a large class of such models systematically. However the gauge equivalence method using su- 
perconformal tensor calculus makes this task easy. In this formulation, to construct different 
off-shell formulations, we have only to add a compensating multiplet to the Weyl multiplet, 
so we can treat all of the above mentioned couplings in a common framework. However, 
unfortunately, five- dimensional conformal supergravity has not yet been studied. 

Standard conformal supergravity can be described on the basis of superconformal algebra. 
Superconformal algebra exists only in six or fewer dimensions, and its gauge theory has 
been constructed in the case of 16 or fewer supercharges, BS'B'I^'ElI) except for the case 
of N = 2, d = 5 theory, in which we are interested. (Five-dimensional conformal supergravity 
that is not based on superconformal algebra was constructed through dimensional reduction 
from ten-dimensional conformal supergravity©) In this paper we fill the gap in the literature 
by constructing N = 2, d = 5 superconformal tensor calculus in a complete form. 

In Ref. 0), 5D tensor calculus was derived from the known 6D superconformal tensor 
calculus^ using the method of dimensional reduction. However, unfortunately, some of the 
superconformal symmetries (S and K) are gauge-fixed in the process of the reduction. The 
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dimensional reduction is in principle straightforward and hence more convenient than the 
conventional trial-and-error method to find the multiplet members and their transformation 
laws. Therefore, here we follow essentially the dimensional reduction used in Ref. [5]) to find 
the 5D superconformal tensor calculus from the 6D one. We keep all the 5D superconformal 
gauge symmetries unfixed in the reduction process. The Weyl multiplet obtained from 
a simple reduction contains 40 bose and 40 fermi degrees of freedom. However, it turns 
out that this 40 + 40 multiplet splits into two irreducible pieces, a 32 + 32 minimal Weyl 
multiplet and an 8 + 8 'central charge' vector multiplet (which contains a 'dilaton' e z 5 and a 
graviphoton oc e^ 5 as its members). This splitting is performed by inspecting and comparing 
the transformation laws of both the Weyl and vector multiplets. It contains a process that 
is somewhat trial-and-error in nature, but can be carried out relatively easily. Once this 
minimal Weyl multiplet is found, the other processes of finding matter multiplets and other 
formulas, like invariant action formulas, proceed straightforwardly and are very similar to 
those in the previous Poincare supergravity case.!) 

For the reader's convenience, we give the details of the dimensional reduction procedure 
in Appendix B and present the resultant transformation law of the minimal 32 + 32 Weyl 
multiplet in §2. The transformation rules of the matter multiplets are given in §3; the 
multiplets we discuss are the vector (Yang-Mills) multiplet, linear multiplet, hypermultiplet 
and nonlinear multiplet. In §4, we present some embedding formulas of multiplets into 
multiplet and invariant action formulas. In §5, we present another 32 + 32 Weyl multiplet 
that corresponds to the Nisino-Rajpoot version of Poincare supergravity. This multiplet is 
expected to appear by dimensional reduction from the 'second version' of 6D Weyl multiplet 
containing a tensor B^ u and by separating the 8 + 8 vector multiplet. Here, however, we 
construct it directly in 5D by imposing a constraint on a set of vector multiplets. Section 6 
is devoted to summary and discussion. The notation and some useful formulas are presented 
in Appendix A. In Appendix D, we explain the relation between conformal supergravity 
constructed in this paper and Poincare supergravity worked out in Ref. §). 



§2. Weyl multiplet 

The superconformal algebra in five dimensions is _P 2 (4).E3 ) Its Bose sector is 5*0(2,5) © 
SU{2). The generators of this algebra are 

X A = P a , Q h M ab , D, Uy, S\ K a , (2-1) 

where a,b,... are Lorenz indices, i,j,...(= 1,2) are SU(2) indices, and Qi and Si have 
spinor indices implicitly. P a and M a b are the usual Poincare generators, D is the dilatation, 
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Uij is the 577(2) generator, K a represents the special conformal boosts, Qi represents the 
N = 2 supersymmetry, and Si represents the conformal supersymmetry. The gauge fields 
h A corresponding to these generators are 

K= e/, b„ V;\ 0;, (2-2) 

respectively, where /x, u, . . . are the world vector indices and V"L> are S'?7(2)-Majorana 
spinors. (All spinors satisfy the S'[/(2)-Majorana condition in this calculus.B) In the text 
we omit explicit expression of the covariant derivative T)^ and the covariant curvature 
(field strength F^). In our calculus, the definitions of these are given as follows: % 

V,<P = d,<P - h^X A <P, (2-3) 

R,u A = e, b e a J ab A = 2d { ,h u] A - h%h*f BC A . (2-4) 

Here, Xa denotes the transformation operators other than P a , and Jab is a 'structure func- 
tion', defined by [X A , X B } = fAB C ^Ci which in general depends on the fields. The prime on 
the structure function in ( |2-4j ) indicates that the [P a , Pb] commutator part, f a b A , is excluded 
from the sum. Note that this structure function can be read from the transformation laws 
of the gauge fields: 5{e)h A = S B {e B )h A = d„e A + s e h*f BG A . 

2.1. Constraints and the unsubstantial gauge fields 

In the superconformal theories in 4D and 6D,0^©'@^0'lli* the conventional constraints 
on the superconformal curvatures are imposed to lift the tangent-space transformation P a to 
the general coordinate transformation of a Weyl multiplet. These constraints are the usual 
torsion-less condition, 

R ab c (P) = 0, (2-5) 
and two conditions on Q and M curvatures of the following types: 

l b R ab (Q) = 0, R ac c \M) = 0. (2-6) 

The spin-connection uj^ becomes a dependent field by the constraint ( |2-5|) , and the Si 
and K a gauge fields, 0^ and f^ a , also become dependent through the constraints ( |2-6| ). 
To this point, it has been the conventional understanding that imposing these curvature 
constraints is unavoidable for the purpose of obtaining a meaningful local superconformal 
algebra. However, it is actually possible to avoid imposing the constraints explicitly, but 
we can obtain an equivalent superconformal algebra. This fact is not familiar, so for a 

* Only a spinor of the hypermultiplet £ Q is not such a spinor, but a U S'p(2n)-Majorana spinor. 
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better understanding we illustrate this approach with the transformation laws of the well- 
known N = 1, d = 4 Weyl multiplet in Appendix C. We now explain how this is possible by 
considering an example. In 5D, the covariant derivative of the spinor H 1 of a vector multiplet 
and the Q curvature contain the Si gauge field 0^ in the form 

= M 7 a 0* , i-R\Q) A f = 8 7 a C- (2-7) 

<p— term <p— term 

However, in fact, in the supersymmetry transformation 5Y 1 ^ of the auxiliary field K y of the 
vector multiplet, only the combination 

C = 2ff2 i -\j-R i (Q)M (2-8) 

appears, and the gauge field 0^ is actually canceled in these two terms. Since this combina- 
tion contains no (j) 1 , we can set 0^ equal to anything. For instance, we can set 0^ = 0^ so1 , the 
solution M to the conventional constraint ^RabiQ) — 0. Then the ^y-R l (Q) term vanishes, 
and the combination clearly reduces to 

reproducing the result of the conventional approach. The virtue of our approach is, however, 
that it is independent of the form of the constraints. If the constraints are changed into 
■y a R a b(Q) = 1bX'\ with a certain spinor x'\ then the combination takes an apparently 
different form, 

C = 2fQ i , + ^x H M. (2-10) 

Everywhere in this calculus, in the transformation laws, the algebra, the embedding formulas, 
the action formulas, and so on, such cancellations occur, so the gauge fields 0^ and f^ a 
actually disappear completely. 

In this 5D calculus, we adopt the usual torsion-less condition fl2-5|), but we do not impose 
constraints on the Qi and M ab curvatures, because no such constraints significantly simplify 
the 5D calculus, and the formulation with no constraint is convenient to reduce Poincare 
supergravity calculus from this conformal one. We comment on these reductions in Appendix 
D. To make the expressions brief, we define the covariant quantities 0„(Q), f a b (M), K ab {Q) 
as 

0* (Q) = l^RUiQ) ~ &YaT&{Q), 
f ab (M) = -\R ab {M) + ±VabR(M), 



K ab (Q) = R ab (Q)+2 1[a <p b] {Q) 

~~ 12 



Rab(Q) + h[al C Rb]c ~ 7oWR(Q), (2'11) 
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Table I. Weyl multiplet in 5D. 



field 


type 


remarks 


SU{2) Weyl 


-weight 




boson 


fiinfbein 


1 


-1 




fermion 


S[/(2)-Majorana 


2 


_i 


h 


boson 


real 


1 







boson 




3 





Vab 


boson 


real, antisymmetric 


1 


1 


x i 


fermion 


S'f/(2)-Majorana 


2 


3 
2 


D 


boson 


real 


1 


2 




dependent (unsubstantial) 


gauge fields 






boson 


spin connection 


1 







fermion 


SU(2)-Majorana 


2 


i 

2 


fn 


boson 


real 


1 


1 



where, R ab (M) = R ac cb (M), R(M) = R a a (M). These quantities are defined in such a way 
that they contain the S and K gauge fields in the simple forms 

and K ah (Q) satisfies 

YK ab (Q) = 0. (2-13) 

Since we impose the torsion-less constraint (|2-5| ) in 5D too, the spin-connection is a dependent 
field given by 

< fe = u>l ab + i(2^ M 7 [ > 6] + ri^ b ) - 2e» [a b b \ 

u oa b = _2e^ a d { ^ + e^ a e b ^e, c d p e ac . (2-14) 



Of course, it would also be possible to avoid this torsion-less constraint in a similar way, but 
here we follow the conventional procedure. 

2.2. The transformation law and the superconformal algebra 

The superconformal tensor calculus in 5D can be obtained from the known one in 6D by 
carrying out a simple dimensional reduction. However, the Weyl multiplet directly obtained 
this way contains 40 + 40 degrees of freedom. Using the procedure explained in detail in 
Appendix B, we can separate an 8 + 8 component vector multiplet from it and obtain an 
irreducible Weyl multiplet which consists of 32 Bose plus 32 Fermi fields, 

e/, ^, V?, b„ v ab , X \ D, (2-15) 
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whose properties are summarized in Table |. The full nonlinear Q, S and K transformation 
laws of the Weyl multiplet are given as follows. With 5 = e^Qi + fj l Si + = 5q(e) + 



5b 



5uj, 



lib 



5V» 



$Vab 

5D 



V i ,e l + \v ab liiab e i - lp j ] \ 

-2ie4>^ + 2iE(j)^{Q) - 2ifji/; ti - 2£ K p, 

2ie 1 ab 4>, - 2ie^ a R b \Q) - ie 1 ^R a \Q) + Me^ a (Q)e, 

-2ze7 0te, V«J - 2Mj7°fy„ " ^K [a e b \ 

-6ie^ - 2is^ a K 3) (Q) - i&wftXQ) 

+4^7- - je {i ^ X 3) + 6ifj (i tf}, 

De l - 2j c ^ b e i V a v bc + 1-R(UY^ 

-2 1 a e l e abcde v bc v de + A 1 -vi 1 \ 

-iepX ~ %ej-wr-R(Q) - 8ieR ab (Q)v ab + if) X , 



>16) 



where the derivative X> M is covariant only with respect to the homogeneous transformations 
M ab , D and (and the G transformation for non-singlet fields under the Yang-Mills group 
G). We have also written the transformation law of the spin connection for convenience. The 
algebra of the Q and S transformations takes the form 



[M £ i)> M^)] = S P (2iea a e 2 ) + 5 M i2ie ll abcd e 2 v ab ) + 5 l/ (-4^ l7 -^ 2 ) 

2ie ll a e 2 (j) ai {Q) + is 1(ilab £ 2j) K a ^ (Q) 



Mv),S Q (e)} 



+S S 



3 3 I 



( 



+5 



K 



32' 



2te ll b e 2 f b a (M) + ±ieh ahc e 3 2 ] R b ^{U) 
+ \e xl abcd e 2 V b v cd + \ e l e 2 V b v ab 
■\-\ie x l a E 2 v-v + ^ie l ^ b e 2 v bc v ca 
-\iei^ abcde e 2 v bc v de 



\ 



5 D (-2ierj) + 5 M (2iej ab r]) + 5^-6^^) 

+s K (- r 



5 h b 



>17) 



where the translation <5p(£ a ) is understood to be essentially the general coordinate 
mation <5gc(£ A ) : 



(2-18) 
transfer- 



(2-19) 
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Table II. Matter multiplets in 5D. 



field 


type 


remarks 


SU(2) 


Weyl- weight 


Vector multiplet 


w„ 


boson 


real gauge field 


1 





M 


boson 


real 


1 


1 


9J 


fermion 


S[/(2)-Majorana 


2 


3 
2 


Y 


boson 


yij = Y ^ = (Yij)* 


3 


2 


Hypermultiplet 


Af 


boson 


Ai = &A p jPPa = -(Af)* 


2 


3 
2 




fermion 


(" = (C a )t 7o = C^C 


1 


2 


ra 


boson 


T? = aZAf, J* = -(J?) 


* 2 


5 
2 


Linear multiplet 




boson 


L ij = L ji = (L^)* 


3 


3 




fermion 


S U{ 2 ) - Ma j or ana 


2 


7 
2 


E a 


boson 


real, constrained by (|3- 1 5 


) 1 


4 


N 


boson 


real 


1 


4 


Nonlinear multiplet 


a 


boson 


517(2) -valued 


2 





X i 


fermion 


S[/(2)-Majorana 


2 


i 

2 


ya 


boson 


real 


1 


1 


V 5 


boson 


real 


1 


1 



On a covariant quantity <P with only flat indices, <5p(£ a ) acts as the full covariant derivative: 

Spit )® = r (5a - 6 A {h*j) $ ee £°P a <2>. (2-20) 

Note the consistency that the quantities (fi l a (Q) and f a b (M) on the right-hand side of the 
algebra (2-17) cancel out the S and TT gauge fields contained in £p(£ a ). 



§3. Transformation laws of matter multiplets 

In 5D there are four kinds of multiplets: a vector multiplet, hypermultiplet, linear multi- 
plet and nonlinear multiplet. The components of the matter multiplets and their properties 
are listed in Table [TT]. The tensor multiplet in 6D reduces to a vector multiplet in 5D with 
constraints, and solving these constraints gives rise to an alternative type of the Weyl mul- 
tiplet containing the two-form gauge field B^Jw in the same way as in 6D. We discuss B^ v 
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in §§. 

The supersymmetry transformation laws of the matter multiplets are almost identical 
to those obtained in Ref. ^) in the Poincare supergravity case if the 'central charge vector 
multiplet' components are omitted in the latter. 

3.1. Vector multiplet 

An important difference between the vector multiplets in 5D and in 6D is the existence 
of the scalar component M in 5D, which allows for the introduction of the 'very special 
geometry'!^ cukM 1 M J M K = 1 in the Poincare supergravity theory. All the component 
fields of this multiplet are Lie-algebra valued, e.g., M is a matrix M a p = M I {tj) a l 3, where 
the ti are (anti-hermitian) generators of the gauge group G. The Q and S transformation 
laws of the vector multiplet are given by 

SWp = -lie-i^Q + 2ieip^M, 
5M = 2ieQ, 

= -l 1 .p(W)e l - \fMe L + Y i j e j - M v \ 
5Y lj = 2ie {i i>{7 j) - ie^-vQ^ - {e {i x j) M - \e^ i 1 -R j \Q)M 

-2ige {i [M, - 2ifj ( - i f2 j \ (3-1) 

The gauge group G can be regarded as a subgroup of the superconformal group, and the 
above transformation law of the gauge field provides us with the additional structure 
functions, fpQ G and /qq G . For instance, the commutator of the two Q transformations 
becomes 

[5q(sx), 5 Q (e 2 )] = (R.H.S. of (2-17)) + 5 G (-2^ 2 M). (3-2) 

For the reader's convenience, we give here the transformation laws of the covariant deriva- 
tive of the scalar V a M and the field strength F a b(W): 

5V a M = 2ieV a Q - 2ie<p a (Q)M + ie^ ahc Qv bc + 2ige^ a [Q, M\ + 2i^ a Q + 2£ Ka M, 
5F ab (W) = 4ie 1[a V b] n - 2ie lcd[alb] nv cd + 2ieR ab {Q)M - Ufj lab f2. (3-3) 

The transformation laws of a matter field acted on by a covariant derivative and the su- 
percovariant curvature (field strength) are derived easily using the simple fact that the 
transformation of any covariant quantity also gives a covariant quantity and hence cannot 
contain gauge fields explicitly; that is, gauge fields can appear only implicitly in the co- 
variant derivative or in the form of supercovariant curvatures, as long as the algebra closes. 
Similarly, the Bianchi identities can be computed by discarding the naked gauge fields with 
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no derivative, because both sides of the identity are, of course, covariant. For example, we 
have 

T> [a F bc] (W) = -2iQ 1[a R bc] {Q). (3-4) 



3.2. Hypermultipet 

The hypermultiplet in 5D consists of scalars A l a , spinors ( a and auxiliary fields J- l a . They 
carry the index a (= 1, 2, . . . , 2r) of the representation of a subgroup G' of the gauge group 
G, which is raised (or lowered) with a G' invariant tensor p a p (and p Q/3 with p 7a p 7/ 3 = 5%) 
like A\ = A ip pp a . This multiplet gives an infinite dimensional representation of a central 
charge gauge group Uz(l), which we regard as a subgroup of the group G. The scalar fields 
A l a satisfy the reality condition 

A' a = e ij A^pp a = -(A*)*, A ia = (A ia y, (3-5) 

and the tensor p a p can generally be brought into the standard form p = e (g) l r by a suitable 
field redefinition. Therefor A l a can be identified with r quaternions. Thus the group G' 
acting linearly on the hypermultiplet should be a subgroup of GL(r; H): 

5 G ,(t)A? = gt a p Al = g{f p y^ = -gtjjfy, 

tj = p a ^sp s0 = -(t a y. (3-6) 

Note that the spinors ( a do not satisfy the SU (2)-Majorana condition explicitly, but rather 
the L r S'p(2r)-Majorana condition, 

C = (( a )V = P a %C,) T c = (Cfc. (3-7) 

The Q and S transformations of the A l a and ( a are given by 

SAi = 2i?t a , 

5( a = pA°e j - 7 • ve j A] - M*A«e j + 3A°rf , (3-8) 

and with these rules, to realize the superconformal algebra on the hypermultiplet requires 
the following two Q and S invariant constraints: 

= fC + \l< a - \x l At + \i-h\Q)At 

+MX a - 2f2lAf, 
= -V a V a A? + M.M.A'; + Aiti^C - 2Y ij *A aj 

-\C (x + i-R{Q)) + (^R(M) + \D- \v 2 ) At, (3-9) 
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where 6* = M*,i?*,... represents the Yang-Mills transformations with parameters 6, in- 
cluding the central charge transformation, that is Sg(0) = 5c (0) + 5z(9°). Z denotes the 
generator of the U z (l) transformation and V° = (V® = A^,M° = a, Q° ^Y ^) denotes the 
Uz{l) vector multiplet. For example, acting on the scalar Af, we have 

M*Af = gM a p A p i + aZAf. (3-10) 

The hypermultiplet in 6D exists only as an on-shell multiplet, since constraints similar to 
(3-9) are equations of motion there. Here in 5D, however, it becomes an off-shell multiplet, 
as explained in Ref. [|). 

First, there appears no constraint on the first Uz(l) transformation of Af, so it defines 
the auxiliary field 

Tf = aZAf, (3-11) 

which is necessary for closing the algebra off-shell and balancing the numbers of boson 
and fermion degrees of freedom. Next, there are the undefined Uz(l) transformations 
Z( a , Z(ZAf) (= a~ 1 ZJ r !f) in the constraints (3-9), and therefor we do not interpret the 
constraints as the equation of motion but as definitions of these C/z(l) transformations. The 
first constraint of (3-9), for example, gives the Uz{^) transformation of the spinor Q a as 

zc = - XS^i (v' c + l * 1<a ~ ^ + b-ft(QW 

+gM%(? - 2gH ia pA? - ^O ^ ■ (3-12) 

Note that T> a ( a contains the Uz(l) covariantization — 5z(A a )( a and T>' a denotes a covariant 
derivative with the — 5z{A a ) term omitted. Also, the second constraint gives the £/z(l) trans- 
formation of Tf, which we do not show explicitly here. Finally, the Q and S transformations 
of the auxiliary field Tf are given by requiring that the Uz(l) transformation commute with 
the Q and S transformations on Af: 

5F a = 5 (5 z (a)Af) = (5 z (a)5 + 5 z (5a)) Af 

= 2ie i (aZ( a ) + ^eQ G P a . (3-13) 

3.3. Linear multiplet 

The linear multiplet consists of the components listed in Table [Tl] and may generally carry 
a non-Abelian charge of the gauge group G. This multiplet, apparently, contains 9 Bose and 
8 Fermi fields, so that the closure of the algebra on this multiplet requires the constraint 
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( 3-15Q , which can be solved in terms of a three- form gauge field E^x- A four-form gauge 
field H pupcr can also be introduced for rewriting the scalar component of this multiplet. 
The Q and S transformation laws of the linear multiplet are given by 

5L ij = 2ieV'>, 

V = -fL^Sj + \r^ l E a + ~£VV 

+2 1 -ve j L ij + gML^Ej - 6L%-, 
5E a = He^Vw - 2ieY bc Vv bc + 6ie lbV v ab + 2ie i 1 abc Ri c {Q)L ij 

+2ige^f a Mip - Aigt'ffPLij - 82777^, 
5N = -2iefcp - 3ie T vcp + \i?x j Uj - fys^ ■ R j) (Q) 

+4ige {i f2 i) L ij -6ifj<p. (3-14) 

The algebra closes if E a satisfies the following Q and S invariant constraint: 

V a E a + i<pj • R(Q) + gMN + AigDtp + 2gY ij L ij = 0. (3-15) 

This constraint can be separated into two parts, a total derivative part and the part propor- 
tional to the Yang-Mills coupling g: 

e- 1 9 A (eV A ) + 2ge- 1 H VL = 0, (3-16) 
where, V a and TCvl are given by 

v a = E a_ 2i^ bl ba ^> + 2ii) hl ahc L^) c , 
e^HvL = Y ij Lij + 2iti<p + 2,c"rJ> J L : ' - \\V a V a 

+ \M (N - 2# 67 V - 2#( < 7 °fy?£y) • (3-17) 

When the linear multiplet is inert under the G transformation, that is g = 0, this constraint 
can be solved in terms of a three-form gauge field E^ v \ as V A = e~ x t Xilvpa d p E vpa f § , which 
possesses the additional gauge symmetry 5e(A)E ijlv \ = 3d[ p A uX -\. Hence the linear multiplet 
becomes an unconstrained multiplet (E^x, L % \ ip\ N). 

It shoud be noted that in 6D, the linear multiplet requires a similar constraint on the 
6D vector E a , and this constraint can be solved in terms of the four- form gauge field E^ vpa 
in a similar manner. This 6D four-form field yields a three-form field E pvX and a four-form 
field H pupa through the simple reduction, while the 6D vector E a reduces to the 5D vector 
E a and the scalar N. Thus we expect that the scalar field N can be rewritten in terms of 
a four-form field H pvpa in this 5D linear multiplet. (Note the number of degrees of freedom 
of the H pupa is 1 in 5D.) The quantity Hvl contains N, and any transformation of this 
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quantity becomes a total derivative, because the constraint (|3-16|) is invariant under the full 
transformations. Thus it can be rewritten with H pupcr in the form 

2H VL = -j^^d^H,^ - AW p E upa ), (3-18) 

where the extra term WiuE VfHr ] on the right hand-side is inserted for later convenience. With 
this rewriting, the constraint ( |3-16| ) can be solved even for the case that the linear multiplet 
carries a charge of the gauge group G. Indeed, since the r.h.s. of (3-18) is a total derivative, 
we have 

e- l 8 x {eV A - %e x ^{H pvpa - AW p E upa )} = 

-> V A = ie-V^ (4d^E vpa] - AgW^E vpa + gH pupa ) . (3-19) 

The transformation laws of E pu \ and H pupa must be determined up to the additional gauge 
symmetry 5 H {A)H pupa = 4(<9[ M - gW[ p )A upa ], 5 H {A)E pu x = -gA puX , so that the all transfor- 
mation laws of both sides of (3-19) are the same for consistency. Also the transformation laws 
of the tensor gauge fields defined in this way are consistent with the replacement equation 
(3-18), because this equation is satisfied automatically due to the invariant equations Q3-16Q 
and (3-19). Now, let us rewrite the replacement equation of N, (3-18), and the solution of 
E a , (3-19), into the following two invariant equations: 

rpa 1 abcde fp I tt>\ 

& — fbcde{-b), 

MN + 2Y lJ U> + Utiip = -^e abcde F abcde (H). (3-20) 
The quantities F abcd (E) and F abcde (H) are the field strengths given by 

(E) — ADfrEvpg.] + gH pupa + %iil)\ l f1vpo\ l P + ^^lup^Lij, 
Fx^upa^H) = 5DixH pupa ] — 10F[ X p{W)E upa ] 

-lOiiplxjftup^Mip + 20iipl x -f pupa ]X 3 L ij - 40i'iJ} l [X 'y fll/p '4) 3 T] ML ij , 

(3-21) 

where the derivative D p is covariant with respect to the G transformation:/}^ = d p — gW p . 
The transformation laws of E pv x and H pupcr can be understand from the fact that the left- 
hand sides of the equations in (3-20) are covariant under the full transformation, and so the 
field strengths on the r.h.s. must also be fully covariant. With 5 = 5q(e) + Ss(t]) + $g(A) + 
&e{A pu ) + S H (A pu x), we have 

5E pvX = 3D [p A vX ] + gAE puX - gA pvX - 2iej puX ip - \2ie % ^ llv ^L ij , 
5H pupa = AD [p A upa] + gAH pupa + QF [pu (W)A pa] 
+2is>y pupa Mip - tet^prfi 3 Lij 

+16ie i lblup iPi ] ML ij + i{S Q {e)W Ul )E upa] . (3-22) 
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These transformation laws are truly consistent with (3-20), and thus with (3-19). With these 
laws, the following modified algebra closes on the tensor gauge fields E pvX and H^p^: 



Me,), 5 Q (e 2 )\ = (R.H.S. of 0) + ^(^7^4%) 

+6 H (^ie^^xeiMLij - 2ie 1 e 2 ME fluX j , 
[S Q (e), S E (A, U )] = 6 H (3S Q (e)W bl A vX] ) , 

[5 G (A), 5 E (A^)] = 5 E (-gAA^), [6 G (A), 5 H (A^ X )] = 5 H (-gAAp uX ). 

(3-23) 

This fact also justifies the replacement (3-18) algebraically. Nevertheless, in order to actually 
claim that (E^ uX , Hp Upa , L y , <p l ) gives a new version of the linear multiplet, we must show 
that the component N can be expressed in terms of H pvpa by solving (3-18). The point is 
that the left hand side of (3-18) H-vl contains N in the form MN, but the Lie-algebra valued 
scalar M is, of course, not always invertible. In some particular cases, the matrix M can 
be invertible. For example, the determinant of the S77(2)-valued matrix M a (a a /2) does not 
vanish in the domain J2a=i M a M a 7^ 0. Therefor, the linear multiplet can take the doublet 
representation of SU(2) as a subgroup of G in this domain. 

3.4. Nonlinear multiplet 

A nonlinear multiplet is a multiplet whose component fields are transformed nonlinearly. 
The first component, $ l a , carries an additional gauge-group SU(2) index a (= 1,2), as well 
as the superconformal SU(2) index i. The index a is also raised (and lowered) by using the 
invariant tensor e a/3 (and e a p with e 7a e 7/ 3 = 5^) as § l a = 4> l Pep a . The field <& l a takes values in 
SU{2) and hence satisfies 

<0J = 5), = 6%. (3-24) 

The Q, S and K transformation laws of this multiplet are given by 
5<P? = 2/V,A ; </>'". 

5X i = ^JjWfe? + M af3 <P ai <P^e 3 +j-ve i 

+\l a V a e l + - 2ie j X i X j - 3rj\ 

SV a = 2%e lah V h \ - ie lal -VX + ie la XV 5 

+2ie 1 b Xv ah + \ieiaX + 2ie^ b R ab {Q) - ie lal -R{Q) 

+2ie i la $ a $$<*X j - iigtjaOi^f^ - 2ig? la X M aP $<*$? 

-2ifw a X - 6£ Ka , 
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sv 5 = - 



2iep\ + iej- V\ - ie\V 5 - iej-vX - \iex + \ie^-R{Q) 
2i'<l>„ i p<l>';\ ! + tigeO^tf + 2ige i X j M a ^f 



(3-25) 



As in the linear multiplet case, the nonlinear multiplet also needs the following Q, S and K 
invariant constraint for the closure of the algebra: 



This constraint can be solved for the scalar of the Weyl multiplet D, and this solution 
presents us with a new (40+40) Weyl multiplet, which possesses the unconstrained nonlinear 
multiplet instead of D. 



4.1. Embedding formulas 

We now give some embedding formulas that give a known type of multiplet using a (set 
of) multiplet (s). 

To determine embedding formulas that give the linear multiplet L by means of other 
multiplets is not difficult for the following reason. When the transformation of the lowest 
component of a multiplet takes the form 2ie^^\ the superconformal algebra consisting 
of (2-17) and (2-18) demands that all the other higher components must uniquely transform 
in the form given in Eq. (3-14) and that the constraint ( |3-15| ) should hold. Therefore, in 
order to identify all the components of the linear multiplet, we have only to examine the 
transformation law up to the second component ip l , as long as the algebra closes on the 
embedded multiplets. 

The vector multiplets can be embedded into the linear multiplet with arbitrary quadratic 
homogeneous polynomials f(M) of the first components M 1 of the vector multiplets. The 
index I labels the generators ti of the gauge group G, which is generally non-simple. These 
embedding formulas L(V) are 



V a V a - \v a V a + \{V^) 2 + V^J)^ + 2iXp\ 

+2i\ i $ ai f<P'*\ j + i\ T v\ 

+|^(M) + \D- \v 2 + f \ x - ih-R{Q) 

+g 2 M«M? = 0. 



(3-26) 



4. Embedding and invariant action formulas 



L ij (V)=Y/ j f I -iD I i f2]f u , 
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<Pi(v) = -\(xi + rRi(Qj)f 

+ (yn[-\ 1 . v n{-g[M, q} 1 ) /j 

+ {-\ 1 -F\W)Q J + ^M J ^ J - F 7 f2 J ) f u , 
E a (V) = V b (Av ab f + F^ b (W)fj + iQ^a^fu) 

+ (-i&^R^Q) - 2^[/2, 7a^] 7 + <?[M, X> a M] 7 ) /, 

+ (-2^ 7 7a [M, ft] J + |e abcde F 6c/ (^)F deJ (^)) /„, 
N{V) = -V a VJ + (-^ + \R{M) - 3vv) f 

+ (-2F ab (W)v ah + + 2ig[Q, Q] 1 ) fj 

( -\Fi b (W)F abJ (W) + IfrM'VJd' \ 

\ +2iO I f)Q J -iQ^-vQ 3 + Y i I j Y Ji i j 1 ' 

where the commutator [X, Y} 1 represents [X, = X I Y J [ti, tj], and 

f = fw, *4' f " = MFMF- (4 ' 2) 

Here, it is easy to see that we cannot generalize the function f(M) further. For example, 
the lowest component Lij is S invariant. Thus the right-hand side of the first equation of 
this formula has to be S invariant, and this fact requires M 1 fj = 2f. Therefore f{M) must 
be a homogeneous quadratic function of the scalar field M: f(M) = fjjM I M J /2. 

The product of the two hypermultiplets H = (A l a , (a, ^a) an d H' = (A' l a , C' Q , F n a ) can 
also compose a linear multiplet L(H, H') as follows: 

L^(H,H') = AWl 



E a a0 (H, H') = A l a V a A'^ + A n V a A m - 2<*7 a C 



N a0 (H, H') = -A^M^A'gi - A' l 8 M*A ai - 2i( a ('p- (4-3) 



Here, this linear multiplet transforms non-trivially under the Uz(l) transformation, in addi- 
tion to the transformations that are self-evident from the index structure; e.g., 5z{ol)L % 1 = 
J-£A'p + A^J-p. For this multiplet, therefore, the 'group action terms', like gML 1 ^ ap- 
pearing in the Q transformation law (3-14), and the action formula, which we discuss in 
the next subsection, should be understood to contain not only the usual gauge group action 
but also the U(l) action: gM -> M* = 8 G >(M) + 5 z (a). Also note that Z n H with the 
arbitrary number n can be substituted for H and H' in the above formulas, because ZH 
also transforms as a hypermultiplet. 
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Conversely, we can also embed the linear multiplet into the vector multiplet. The fol- 
lowing combination of the components of the linear multiplet is S invariant and carries 
Weyl- weight 1: 

M(L) = NL' 1 + i^^LijL- 3 , (4-4) 



with L = JL^Lij. This embedding formula is a non-polynomial function of the field, and for 
this reason, the embedding formulas for the higher components becomes quite complicated. 



Though we have not confirmed that the embedding (14) is consistent with the transforma- 
tion laws of the higher components, this formula agrees with the formula in the Poincare 
supergravity in 5D presented by Zucker© up to the components of the 'central charge vector 
multiplet'. Thus it must be a correct form. 

4.2. Invariant action formula 

The quantity Hvl appearing in (3-17) transforms into a total derivative under all of the 
gauge transformations and has Weyl-weight 5. It therefor represents a possibility as the 
invariant action formula. However (|3-16|) implies that TIvl itself is a total derivative and 
so cannot give an action formula. Fortunately, the invariant action formula can be found in 
the following way with a simple modification of the expression of Tiyz- Let us consider the 
action formula 

e- 1 £(V • L) = Y ij ■ L {j + 2iD-ip + 2z^7 ^ • L ij 

-\w a ■ (E a - 2i$ bl ha ip + 2#y afc V#£y) 

+ \M ■ (N - 2# 67 V - 2i#y a ty>%) , (4-5) 

where the dot (e.g. that in V-L) indicates a certain suitable operation. If this dot represents 
the G transformation * defined by gV*L = 5g{V)L, then this formula reduces to the original 
Ti-VL [= C(V * L)]. The Q and G transformation law of C(L ■ V) may be different from that 
of TivL only in the terms proportional to g. For the Q transformation, for instance, we have 

5q(e)£(V ■ L) = (total derivative) 

+2gie i 1 a [W a} L^} + 2git[M, f2 j ; U 3 \ 

+gie 1 a [M, W a , <p] + fn ab [W a , W b ; <p] 

+gte 1 abc [W a} W b ; L]^ c + 2gte 1 ab [M, W a , L]^ b , (4-6) 

where [A, B; C] denotes the following Jacobi-like operation: 

[A, B; C] = A ■ (B * C) - B ■ (A * C) - {A * B) ■ C. (4-7) 
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The G transformation of (4-5) also takes a similar form. Hence if we find a dot operation 
(•) for which (4-7) identically vanishes, then the action formula (4-5) will be invariant up to 
the total derivative under the Q and G transformation, in addition to the S transformation. 
(Of course if we choose • as *, the operation (4-7) vanishes, as the Jacobi identity.) 

For instance, we can see from (4-6) that the action formula (4-5) gives an invariant by 
taking the dot operation to be a simple product, if the vector multiplet is Abelian and the 
linear multiplet carries no gauge group charge or is charged only under the Abelian group of 
this vector multiplet, like the central charge transformation Sz- When the linear multiplet 
carries no charges at all, the constrained vector field E a can be replaced by the three-form 
gauge field E^ v \. Using this, the third line of the above action (4-5) can be rewritten, up to 
total derivative, as 

- \W a (E a - 2z^ 7 b V + 2i4 i j abc ii ) L ij ) - -±e^F^(W)E Xpa . (4-8) 

Similarly replacing * by ■ in Eq. (3-18), we can obtain another invariant action formula 
written in terms of the four- form gauge field H pvpa . This gives an off-shell formulation of the 



SUSY-singlet 'coupling field' introduced in Ref. |20[), as will be discussed in a forthcoming 
paper. 

The action formula (4-5) can be used to write the action for a general matter- Yang- 
Mills system coupled to supergravity. If we use the above embedding formula, (4-1), of 
the vector multiplets into a linear multiplet and apply the action formula (4-5) and ( |4-8| ), 
c v = c (v a l a { V")), then we obtain a general Yang-Mills-supergravity action. Although 
the action formula can be applied only to the Abelian vector multiplets V A , interestingly 
V A can be extended to include the non-Abelian vector multiplets V 1 in this Yang-Mills 
action; that is, the quadratic function f^(M) multiplied by M A can be extended to a cubic 
function M(M) as -\f AJJ M A M I M J —> J\f = c IJK M I M J M K . Also, the action for a 
general hypermultiplet matter system can be obtained similarly. The kinetic term for the 
hypermultiplet is given by /^kinetic = £ [A d af3 'L a p(H , ZH)^j , with the central charge vector 
multiplet A = V° and an antisymmetric G invariant tensor d a ^. The mass term for the 
hypermultiplet are given by £if ma ss = £ [A r/ al3 'L a p(H , H)\ with a symmetric G invariant 
tensor r] al3 . Finally, the action for the unconstrained linear multiplet is given by Cl = 
£ (V(L) L), which may contain a kinetic term for the four-form field H pupa in addition to 
that for E pv \. These actions in the superconformal tensor calculus must be identified with 
those in the Poincare supergravity tensor calculus. 

In the case that the linear multiplet carries a non-Abelian charge, the invariant action 
cannot be obtained in a simple way: If we assume that the linear multiplet is Lie-algebra 
valued and interpret the dot operation as a trace, then the Jacobi-like operation (4-7) does 
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not vanish. However, it is not impossible to obtain this action. For example, one can consider 
Abelian vector multiplets V a carrying a non-Abelian charge. That is, 

[Gj, G a ] = fjjGp = -{ P (Gj)y a Gp, [G a , Gp) = 0, (4-9) 

where Gj and G a are generators of non-Abelian and Abelian generators, respectively. The 
linear multiplet is also assumed to be an ajoint representation of this group, (L 1 , L a ). Then 
the Jacobi-like operation (4-7) vanishes if we take the dot operation to be given by 

A ■ B = A a B a = Pa pA a B" = -B-A, Paf3 = -p Pa , (4-10) 

and £(V a L 13 p a p) gives an invariant action, while the linear multiplet carries a non-Abelian 
charge. 



§5. The two-form gauge field and Nishino-Rajpoot formulation 

To this point in the text, the three-form gauge field E^x and the four-form gauge fields 
Hf^vpa have appeared, in addition to the one-form gauge fields Wp. A two- form gauge field B^ 
can also be introduced in the process by solving the constraint L (V) = 0, which we impose 
on a set of Vector multiplets V 1 using an embedding quadratic formulation f (M). The 
solution leads to another type of the Weyl multiplet that contains B^. The formulation with 
this new multiplet gives the alternative supergravity presented by Nishino and Rajpoot & 
after suitable S and K gauge fixing. (Thus we will call this the 'N-R formulation'.) 

Here, we choose the quadratic function fo(M) to be G inert: [A, B} 1 C J fojj+B^A, C] J fojj 
0. Then, we solve the equation L (V) = 0. The equation L y (V) = sets one of the aux- 
iliary fields Y/j of the vector multiplets V 1 equal to zero. The equation ^ 1 {V) = makes 
the auxiliary spinor field \ l °f the Weyl multiplet a dependent field, and similarly the equa- 
tion N(V) = is solved with respect to the auxiliary scalar field D of the Weyl multiplet. 
Then, the equation E a (V) = becomes a total derivative in this gauge-invariant case, as 
mentioned above: 



E»(V) = e' l d v (\e^E XpcT {V) 

= e~ 1 d u {e (Av^f + F' J ' uI {W)fi + iQ 1 ^ Q J j n 

+ii> P r vpa i>J - 2i^ x n I f I ) 

+ l e ^x P * (wl dpW J _ \ 9 W{[W p , W a ] J ) fjj) 
= 0. (5-1) 
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Thus this equation is also solved by making the auxiliary tensor field v a b dependent. However, 
the last equation here does not fix all components of v a b, because E a and v a b have 4 and 10 
degrees of freedom, respectively. Of course the equation can be solved by means of adding 
the two-form field B^ u , which has 6 degrees of freedom: = E^xiV) + ^d^B^. This can 
also be rewritten as 

= F, vX {B) - \ee^ Xpa {Wj + F paI (W)f I ) + iti^^Q 3 f u , (5-2) 

where F^ X (B) is the covariant field strength of B^, which is given by 

(B) = 3d [fl B uX] - 6iW IvXi&fi + 6iVV7^A]/ 

-SdfrWlWfru + W^Wv, W x] } J f u . (5-3) 

A Q and G transformation law of B^ v can be easily found from the Q and G covariance 
of (5-3) in the same way as that of H^ vp(7 and E^ vX in the linear multiplet case. The gauge 
field B^ v is 5* invariant and transforms under 5 = Sq(e) + <5b(t1^) + 5 G {A) as 

5B, U = 2ie 1 , v f2 I fi - 4i£ 7[/ A]/ + (WW^W^fu 

+20^ + 0^^ f u . (5-4) 

The algebra on B^ u , of course, closes, although the algebra is modified as follows: 

fo(ei), S Q (e 2 )] = (R.H.S. of (Q) + 5 B (-2ie llp e 2 f - ie 1 e 2 W I J I ) , 

[5 Q (e), 5 G (A)} = 5 B (5 Q {e)WlA J f u ) , 
[5 G (A 1 ), 6 G {A 2 )} = 5 B A 2 ] J f u ) + 5 G (-[Ai, A 2 }) . (5-5) 

Now the constraint equations L (V) = has replaced the 'matter' sub-multiplet (v ab , x\ D) 
of the Weyl multiplet by the tensor field B pv and a linear combination of the vector multi- 
plets with one component of the auxiliary field eliminated. We thus have obtained the 
N-R formulation with an alternative Weyl multiplet. If we take only a single vector multi- 
plet, say the central vector multiplet, V° = (a, A p , f2°\ Y ^), and set fo(M) = a 2 , then 
the conventional Weyl multiplet (e^ a , ifi* , b^, V % J , v a b, x\ D) is replaced by a new 32 + 32 
multiplet consisting of (e M a , ip 1 ^, 6 M , V^,B^ U , A p , a, 

There are two known different types of formulations of the on-shell supergravity in 5D, the 
conventional one with no B pv and the above N-R formulation. These different formulations 
give different physics of course. From the point of view of off-shell formulation, this difference 
is only a difference in the cubic function M{M) that characterizes super Yang-Mills systems 
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in 5D. If there is an Abelian vector multiplet Vnr that appears only in the form of a Lagrange 
multiplier, that is, if M takes the form 

M = c lJK M l M J M K + M^fjjM'M- 7 , (5-6) 

and if matter multiplets carry no charge of this vector multiplet, then the equations of motion 
take the form L (V) = by the variation of Vnr. Therefore, after integrating out V^r, 
the N-R formulation appears. Conversely, if there is no such Abelian vector multiplet, the 
formulation gives the conventional one. 



§6. Summary and comments 

In this paper, we have presented a superconformal tensor calculus in five dimensions. 
This work extends a previous work,!) which presents Poincare supergravity tensor calculus 
that is almost completely derived using dimensional reduction and decomposition from the 
known superconformal tensor calculus in six dimensions. The significant difference between 
the superconformal tensor calculus presented in this paper and Poincare one is that the 
minimal Weyl multiplet in the superconformal case has 32 Bose plus 32 Fermi degrees of 
freedom, while that in the Poincare case has (40+40) degrees of freedom. 

In a previous paper, 0) we constructed off-shell d = 5 supergravity coupled to a matter- 
Yang-Mills system by using the Poincare supergravity tensor calculus. S* There, intricate and 
tedious computations were necessary (owing to a lack of S symmetry) to rewrite the Einstein 
and Rarita-Schwinger terms into canonical form. However, now we can write down the same 
action with little work, thanks to the full superconformal symmetry. Actually, we can show 
readily that this superconformal calculus is equivalent to two Poincare calculuses with two 
different S gauge choices, and thus the two Poincare calculuses are equivalent (see Appendix 
D). Also, it is easy to show the equivalence to other Poincare supergravities.&'B'B* 

There appeared several by-products in the text. In this calculus, we have not imposed 
constraints on the Q and M curvatures. Though this is a purely technical point and unim- 
portant from the viewpoint of physics, it could be interesting to pursue, as it is different 
from usual situation in superconformal gravities. This formulation with no constraints makes 
clear that these constraints are completely unsubstantial. It is thus seen that superconformal 
gravity with various forms of constraints can describe the same physics. 

Moreover, the four-form gauge field H^ upa and the two-form gauge field B^ v have appeared 
in this off-shell formulation in addition to the three- form gauge field E^x- 

In recent studies of the brane world scenario, the four-form gauge field plays an 

important role in connection with the Q singlet scalar 'coupling field' G. Now we can 
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construct an off-shell formulation of H^ up(T and G, though only an on-shell formulation is 
known to this time. This extension may allow for the extraction of general properties from 
the brane world scenario without going into the details of the models. This will be discussed 
in a forthcoming paper. 0* Also £ (V(L)L) may contain a kinetic term for H^ vpa and lead 
to interesting physics in the brane world scenario. 

Introducing the two-form gauge field B pv implies a new non-minimal Weyl multiplet, 
which should be equivalent to that presented by Nishino and Rajpoot. & From the viewpoint 
of the off-shell formalism, this system is unified with the general matter Yang-Mills system. 
i>|) 

The tensor multiplet as a matter multiplet, containing a two- form gauge field B^ u , is 
known in on-shell formulation. But we have not yet understood it in the present tensor cal- 
culus. Excluding this problem, however, this superconformal tensor calculus shoud produce 
all types of supergravity in 5D. Superconformal tensor calculus will provide powerful tools 
for the brane world scenario from a more unified viewpoint. 
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Appendix A 
Conventions and Useful Identities 

We employ the notation of Ref. ^). The gamma matrices 7 a satisfy {7", 7 6 } = 2i] ab and 
(jaV = ? 7a67 6 , where r] ab = diag(+, — , — , — , — ). ^^..b represents an antisymmetriced product 
of gamma matrices: 

7a...6 = 7[a---7&], (AT) 

where the square brackets denote complete antisymmetrization with weight 1. Similarly (. . .) 
denote complete symmetrization with weight 1. We chose the Dirac matrices to satisfy 

yu...a 5 _ e ai...a 5 

where e ai -- as is a totally antisymmetric tensor with e 01234 = 1. With this choice, the duality 
relation reads 

/_i \n(n-l)/2 

ai...a n _ V J a 1 ...a n b 1 ...b 5 - n / a o\ 

7 - (5 _ n) , e 7V..W IA 6) 
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The SU{2) index i (i=l,2) is raised and lowered with e^, where £12 = e 12 = 1, in the 
northwest-southeast (NW-SE) convention: 

A 1 = e ll Aj, At = A j eji. (A-4) 

A useful formula in treating these indices is A l B^Cj = —A'BjC 1 — AjB l C J . 
The charge conjugation matrix C in 5D has the properties 

C T = -C, C^C = 1, C^C- 1 ^^. (A-5) 

Our five-dimentional spinors satisfy the S77(2)-Majorana condition 

V? = ^7° = (A-6) 

where spinor indices are omitted. When SU (2) indices are suppressed in bilinear terms of 
spinors, NW-SE contraction is understood, e.g. il)^ ai - an \ = ift l '^ ai - an \ i . Changing the order 
of spinors in a bilinear leads to the following signs: 

^ 7 ai...a„ A = (_ 1 )(n+l)(n+2)/2J 7 oi...a B ^_ ( A . ? ) 

If the SU(2) indices are not contracted, the sign becomes opposite. We often use the Fierz 
identity, which in 5D reads 

r\ j = -7(AV) - ^(AWha + l(X 3 l ab rhab (A-8) 



Appendix B 

Dimensional Reduction to 5D from 6D 

5D conformal supergravity can be obtained from 6D conformal supergravity© through 
dimensional reduction. Upon reduction to five dimensions, the 6D Weyl multiplet (40+40) 
become reducible, and thus there is a need to decompose this multiplet into the 5D Weyl 
multiplet (32+32) and the central charge vector multiplet (8+8). 

Basically, we follow the dimensional reduction procedure explaned in Ref. 0), to which 
we refer the reader for the details. The standard form for the sechsbein 6m_ a is 

SM e °° -'")■ (bi) 

Here M, N_, . . . are six dimensional space-time indices and, z denotes fifth spatial direction 
wheras A, B, . . . denote six-dimensional local Lorentz indices. The underlined fields are the 
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components of the six- dimensional Weyl or matter multiplet. a and are identified with 
the scalar and the vector components of the central charge vector multiplet. The relation 
between tensors in 6D and 5D is given by the following rule: Tensors with flat indices only 
are the same in 6D and 5D. Thus, for a vector, for example, we have v_a = v a (so we need 
not use an underbar for flat indices), but 

2V = e^ a v a + e fJ 5 v 5 = v ll + A^v z . (B-2) 

We decompose the six-dimensional gamma matrices r M and the charge conjugation matrix 

C as 

r° = 7 a ( g) ( 7 1 , r 5 = i®m 2 , 

C = C®ia 2 . (B-3) 

The six-dimensional chirality operator i~V is written T-j = l<S>o~3. The six dimensional SU(2)- 
Majorana-Weyl spinor ip l ± , which satifies the S77(2)-Majorana condition ^ = ip}±r° = ip±C_ 
and the Weyl condition i~VV4 = =M/4> ls decomposed as 



= ft ® , V- = ® > ( B4 ) 





where ip l is a five-dimensional 5'[/(2)-Majorana spinor. 

The generators of 6D superconformal algebra, which is Osp(8*|2), are labeled 

P A , M ab , K a , D, Uij, Qi, Si (B-5) 

Of these, the generators M a5 and K 5 are redundant in 5D and are used to fix redundant 
gauge fields, as described below. The independent gauge fields of the N = 2, d = 6 Weyl 
multiplet, which realize this algebra are 

^m A , tuv -M' Y$t> T'abc X\ D. (B-6) 

The first four are the gauge fields corresponding to the generators PA,Q l a ,D and U % K The 
last three are the additive matter fields. The other gauge fields, u M AB , 4> l M and f M A , which 
correspond to the generators Mab, S % a and Ka can be expressed in terms of the above 
independent gauge fields by imposing the curvatures constraints 

KmN A {P) = 0; 

RMN AB (M)e^ B + T KBC TT ABC + ±e K A D = 0, 

P K E!mn(Q) = -^ r MX\ (B-7) 
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where Rmn A (P)i Rmn AB (M) and R MN {Q) are the P, M and Q curvatures, respectively. 
(For more details, see Ref. PT) , but note that we use the notation of Ref. ^).) 
First, we decompose the six-dimensional Weyl multiplet into three classes, 

(e^,f^b^V?^T- b5 ,x\D), 

(e z a ,k z ). (B-8) 

Roughly speaking, the first class gives the five- dimensional Weyl multiplet and the second the 
central charge vector multiplet. The last class consists of redundant gauge fields. Redundant 
gauge fields can be set equal to zero as a gauge-fixing choice for the redundant M a5 and 
K$ symmetries. However, the condition e z a = b z = is not invariant under Q and S 
transformations. Thus, we have to add a suitable gauge transformation to the original Q 
and S transformations. Explicitly, the original Q transformation of e z a is 

5™{e)e z a = -2iej a ± z . (B-9) 

Adding a M a5 transformation with parameter 9$ = — 2iaej a ip z to the original Q transfor- 
mation, we obtain a Q transformation, under which the constraint e z a = remains invariant. 
Similarly, in order to keep b z = invariant under Q and S transformations, we should add a 
transformation with parameter 9 5 K {e) = + ie0 5 to the original Q transformation 

and a K5 transformation with parameter Ck(v) = to the original S transformation, 

In the original gauge transformation law for fields of the first class, the central charge 

vector multiplet components do not decouple. For example, the Q transformation of ip l is 

— m 

5^(s)±l = 2> M e* - V ct 5 -7mp^ + ^Mfj ~ H^„tM + ■■■ ■ (B-10) 

This transformation includes a = e 2 5, = ae^ 5 and ip , which are the fields of the cen- 
tral charge vector multiplet. To get rid of these fields from the transformation law of the 
five-dimensional Weyl multiplet, we need to redefine the gauge fields and the Q and S trans- 
formations. The proper identification of the central charge vector multiplet components 
turns out to be 

a = e 2 5 , A^aeJ, fl* = -a VI, ^ = o?V$ - -JT^i (B-ll) 

The field a, whose Weyl weight is 1, is used to adjust the Weyl weight of the redefined field. 
For example, A^ should carry Weyl weight as any gauge field, but the Weyl weight of e M 5 
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is —1, so we identify ote^ with the gauge field A^. The correction term SiQqQq/ 'a in the 
redefinition of Yq 3 is needed to remove the central charge vector multiplet from the algebra. 
Similarly, the irreducible (32+32) Weyl multiplet in 5D is identified as 

1 - i — 

Vab = -Zab5 ~fo Fab ( A ) + T^^Olab^O, 



16 8/ 1 3 \ 

5 V cr / ol or 



D = ^P-~ -^Rab a \M) + 2v ab v ab 

1 / Aj_ . \ 4 . , 9 - 

a \ 5 / oct 5a z 



2 ., 4_ 

5a 2 ' a 2 



+— F ab {A)F ab {A) - —Ujf* + O(n 2 ), (B-12) 



where C(^o) represents terms of higher order in f2 . 

The relation between the Q and S transformations in 5D and in 6D is finally given by 

S Q (e) = 5™(e) + S M (9 M (e)) + S u (9 u (e)) + S s (9 s (e)) + 8 K (0 K (e)), 
Ss(r))=ST(r}) + SK((K(r))l (B-13) 



where 



Otis) = -ei a ^ 9%{e) = 

a a 

8Uz) = ^X + ie(l 5 -e S (^)), &(ri) = -Jin . (B-14) 

Here, the dependent gauge fields 0* and 0* are those determined by the curvature constraint 
(B-7). 

The 6D vector multiplet consists of a real vector field W M , an S77(2)-Majorana spinor 
d\ and a triplet of the auxiliary scalar field Y_ lJ , whereas the 5D vector multiplet consists of 
a real vector M M , a scalar M, an SU(2) Majorana spinor f2\ and a triplet of the auxiliary 
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scalar Y 13 . The proper identification of the vector multiplet components is 

Y ij = + —Y^ - -jft ( {#) - — a$) . (B-15) 

a a \ a J 

The 6D linear multiplet consists of a triplet L y , an ,S77(2)-Majorana spinor (p\ and a 
constrained vector field E_ A . The components of the 5D linear multiplet are identified as 

L ij = i = t i _ 2f2 Qj L ij ), 

a a — 

E a = - (V + —TfisfMLii - 2i7?o7V 
a \ a 

N = --{Ms + 2Liit ij + AiHotp). (B-16) 

The 6D nonlinear multiplet consists of a scalar an S , f/(2)-Majorana spinor A 1 , and a 
vector field V A - Identification of the 5D nonlinear multiplet is given by 

a 

V a = V_ a + -V a a J V 5 = -V 5 - -77 A. (B-17) 

a a 

The 6D hypermultiplet consists of a scalar and a S"?7(2)-Majorana spinor ( a . The 5D 
hyper multiplet is identified as 

«4i, = -L& c« = 4=l+-^«- (B-i8) 



Appendix C 

Weyl Multiplet in 4D with no Constraints 

In the text we have explained that the constraint for Q and M curvatures is not necessarily 
needed. This fact is not familiar, so we illustrate our formulation by taking an example of 
the well-known N = 1, d = 4 superconformal Weyl multiplet. 

The independent gauge fields of the N = 1, d — 4 Weyl multiplet are the vierbein e^, the 
gravitino i/j^, the D gauge field b^, and the U(l) gauge field A^. In this section, //, u, . . . and 
a,b, . . . are four- dimensional indices. The spinors are Majorana. In the usual formulation, in 
which the Q curvature constraint ^ R^Q) = is imposed, the Q, S and K transformation 
laws of the Weyl multiplet are given by 

5e/ = -2^ 7 a W 
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5 A, = -Aie^f + 4i?77 5 V M , (CI) 

where is the solution of ^ V R^ U (Q) = 0. We note that R(Q) contains the S gauge field 
(fit, in the form R^ V (Q) = 0^ U {Q) - 2ij fl (fi u , Q^ U (Q) = R^ u (Q)\<p=o- Solving this with respect 
to M , we have 

<fi,(Q) = l -YR,AQ) - ^p» p R„ p {Ql 

<fif ee - l -i v t2, v {Q) + ^ 7 / p 4p(0). (C-2) 

Under the Q curvature constraint ^R^Q) = 0, (fi^ equals (j) s ° l . Then we can replace 0^ 01 
in (CI) formally by M — (fi^Q), because (fifiiff) — 0, and obtain 

% = -2e0 M + 2ecfi^Q) + 27^ - 2^, 

^ = -4i575^ + 4z£7 5 M (Q) + 4zr77 5 ^. (C3) 

In these expressions, (fi^ is decoupled from the transformation laws, since M is cancelled by 
that in (fi^Q). This means that the Q curvature constraint is not needed. We arrive at the 
following conclusion. In order to move to the formulation where the Q and M curvature 
constraint is not imposed, we only have to replace (fi s ° l by M — (fi^(Q). 



Appendix D 

Equivalency to Poincare Supergravities 

In a previous paper,© which we refer to as II henceforth, supergravity coupled to a 
matter- Yang-Millos system in 5D is derived on the basis of the supergravity tensor calculus 
presented in Ref. ^]) which we refer to as I henceforth. However, there, a quite laborious 
computation was required to obtain the canonical form of the Einstein and Rarita-Schwinger 
terms. This is due to the redefinitions of fields, in particular that of the Rarita-Schwinger field 
ip l , (5-3) in II. These redefinitions are also accompanied by modification of the transformation 
laws, (6-8)-(6T0) in II. Since we have a full superconformal tensor calculus, it is now easy 
to reproduce the Poincare tensor calculus constructed in I and II. The point is that we 
can obtain this calculus simply by fixing the extraneous gauge freedoms, without making 
laborious redefinitions of the gauge field. 
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D.l. Paper I 

First, we identify one of the Abelian vector multiplets with the central charge vector 
multiplet, which is a sub-mult iplet of the Weyl multiplet in the Poincare supergravity for- 
mulation: 

(W„ M, Q\ Y ij ) = (A„ a, ff = 0, -t ij a), (D-l) 
where the scalar a is covariantly constant. That is, we choose the following 5* and K gauges: 

S : S? = 0, K : a~ x V a a = 0. (D-2) 
These gauge fixings are achieved by redefinitions of the Q transformation: 

~5 Q (e) = 6 Q (e) + 6sW(e)) + 5 K (C K (s)), 

= ie( ( j)«-r ] {r)-r{Q))- (D-3) 

Actually, the gauge choices (P-2|) are invariant under 5q(e). Next, we replace the auxiliary 
fields of the Weyl multiplet, the vector multiplet and the linear multiplet as follows: 

v ab -> v ab - ^F ab (A), x * -> 16x J - tMQ), 
D^8C + ~K{M) - Qv 2 + lv-F(A) + ^F(A) 2 + 20*^, 
yij yH _ M f^ N _> N + 2t j L i:j . (D-4) 

Then, we can show that the Poincare supergravity tensor calculus in the paper I is exactly 
reproduced. These gauge choices and the redefinition of the Q transformation must be 
accompanied by redefinitions of the full covariant curvature R^ U A and the covariant derivative 
T>^. However, such redefinitions are carried out automatically, and there is no need to do so 
by hand. 

D.2. Paper II 

The conditions (5-1) and (5-6) in II require the gauge fixings 

D : JV = 1, S : Q H Ni = 0, K : M~ x VJsf = 0. (D-5) 
These gauge fixings are achieved by 

~8 Q (e) = 5 Q (e)+8 s ( V i (e)) + 5 K (e K (e)), 

^ = -fr'W + w y V + ^ n 2isn J 

^-\{V - 1 -v)e\ 
C K (e)=te(<j ) a -r ] (r)-r(Q)), (D-6) 
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and the following replacements are needed: 



_fV, vv _> yii, Vab y ab} 

16x i + 37-^ i (Q), D -> 8(7 - §£(M) + 2t> 2 , 
A, Ca -> Y Iij -> - M T t ij . (D-7) 

The resultant Q transformation laws of the Weyl multiplet, the vector multiplet and the 
hypermultiplet are equivalent to (6-8), (6-9) and (6-10) in II , respectively. 



■A/j xrlii 
37V 

f? 
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Note added: After finishing the original form of this paper, the authors became aware 
of the preprint by Bergshoeff et al.@ treating conformal supergravity in five dimensions. 
They discussed the two versions of the superconformal Weyl multiplets, which they call the 
Standard one and the Dilaton one. These correspond to the conventional one and N-R one 
in the present paper. They did not present the full superconformal tensor calculus which we 
have given here. 
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